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We propose a scheme for the detection of
qubit-environment entanglement at time τ
which requires only operations and mea-
surements on the qubit, all within reach of
current experimental state-of-the-art. The
scheme works for any type of interaction
which leads to pure dephasing of the qubit
as long as the initial qubit state is pure.
It becomes particularly simple when one
of the qubit states is neutral with respect
to the environment, such as in case of
the most common choice of the NV center
spin qubit or for excitonic charge qubits,
when the environment is initially at ther-
mal equilibrium.
The accessibility of entanglement in larger bi-
partite systems is very limited up to date, because
contrarily to entanglement between two qubits
[1–3], the theoretical means for the study of such
entanglement are very limited unless the joint
system state is pure. The only available mea-
sure which can be calculated from the density
matrix is Negativity [4, 5] or closely related log-
arithmic Negativity [6], the calculation of which
requires diagonalization of a matrix of the same
dimension as the joint Hilbert space of the two
parties, which must be and has been done nu-
merically [7–10]. This limits the range of general
conclusions which can be reached about the cre-
ation and behavior of entanglement. Experimen-
tally, such entanglement is hardly accessible at
all, since measuring Negativity would require full
quantum state tomography, similarly as quantifi-
cation of two-qubit entanglement, but as the tech-
nique can be done for two small systems [11–13],
it exceeds the current experimental state-of-the-
art once either of the potentially entangled sys-
tems becomes large.
The problem is that the question of entangle-
ment becomes important when dealing with de-
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coherence between a quantum system of interest,
such as a qubit, and its environment. This is
because the presence of entanglement, although
its manifestation is limited when straightforward
qubit decoherence is of interest [14, 15], can sig-
nificantly change the effect that the environment
has on the system in more involved procedures
and algorithms, especially ones that involve qubit
evolution post measurement [16–23].
The question of entanglement generation be-
comes more solvable once limitations on the gen-
erality of the problem are imposed. It has re-
cently been shown that for evolutions which lead
to pure dephasing of a qubit or even a larger sys-
tem [24–28], there exists a straightforward signa-
ture, which entanglement leaves on the state of
the environment [24, 25] (after the qubit/system
state is traced out). This is, on one hand, the
reason why it is important to know if qubit-
environment entanglement (QEE) is generated,
since only decoherence with generation of QEE is
accompanied by the information about the qubit
state leaking out into the environment [29], simi-
larly as in the case of a pure environment [30, 31].
On the other hand, it also serves as the basis for
the possibility of direct measurement of QEE.
In the following we describe a scheme for the
direct experimental detection of QEE which oc-
curs at time τ after the creation of a qubit su-
perposition state. The scheme works only within
the class of Hamiltonians that leads to qubit pure
dephasing, but it involves operations and mea-
surements performed only on the qubit. The re-
quired operations are well within reach of all sys-
tems that have been proposed as qubits, espe-
cially in the solid state, where pure dephasing
is commonly the dominant source of decoherence
[32–40]. The scheme relies on the fact, that al-
though it is the state of the environment which is
distinctly affected by the presence of QEE, it can
in turn influence the evolution of the qubit.
The scheme differs significantly from the one
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presented in Ref. [41], as the operatons and mea-
surements on the qubit required are different.
Hence the scheme will be more appropriate for
different qubit realizations depending on the ex-
perimental state-of-the-art. Furthermore, the
scheme detects qubit-environment entanglement
present in the state contrarily to the scheme of
Ref. [41], which serves to test if entanglement
would be present at a given time, for the same
initial state of the environment if the initial state
of the qubit were a superpostion and not one of
the pointer states which are used in the scheme.
The scheme presented here is especially well
suited for interactions which are asymmetric in
the sense that only one of the qubit states couples
to the environment, while the other remains un-
affected by it. In this case, when the environment
is initially at thermal equilibrium, the procedure
becomes particularly simple, because detecting
entanglement requires only the comparison of one
part of the general procedure with regular deco-
herence curves (when no additional preparation is
performed on the qubit prior to exciting a super-
position state). Such qubit-environment systems
are common; it is the case for the most common
choice of NV center spin qubit interacting with a
spin environment [42–44], as well as for excitonic
charge qubits interacting with phonons [45–48].
We exemplify the working of the scheme on the
latter qubit system.
The paper is organized as follows. In Sec. 1
we introduce the class of of systems studied and
the entanglement witness which is applicable for
such systems. The proposed experimental scheme
is described in Sec. 2. The simplified measure-
ment procedure which is applicable if the class
of interactions is further limited is introduced in
Sec. 2.4. In Sec. 3 we provide exemplary results
for the workings of the scheme and Sec. 4 con-
cludes the paper.
1 The interaction
We will consider a system consisting of a single
qubit (Q) in the presence of an arbitrary environ-
ment (E). The most general form of a QE Hamil-
tonian that leads to qubit pure dephasing is given
by
Hˆ =
∑
i=0,1
i|i〉〈i|+ HˆE +
1∑
i=0
|i〉〈i| ⊗ Vˆi. (1)
The first part of the Hamiltonian characterizes
the qubit. For no processes involving energy ex-
change between Q and E to take place and there-
fore for the interaction to lead to pure dephas-
ing, it must commute with the last, interaction,
term of the Hamiltonian. HˆE represents the free
Hamiltonian of the environment and is arbitrary.
The last term specifies the qubit-environment in-
teraction with the qubit states written on the left
side of the tensor product. For now we do not
impose any restrictions on the components oc-
curring in Eq. (1), so the interaction it describes
is of most general form.
The evolution operator of the QE system re-
sulting from the Hamiltonian (1) can be formally
written as
Uˆ(t) = exp
(
− i
~
Hˆt
)
=
[
wˆ0(t) 0
0 wˆ1(t)
]
, (2)
where the matrix form is kept in terms of qubit
pointer states |0〉 and |1〉, while the evolution
of the environment is described by the operators
wˆi(t), i = 0, 1. These operators are given by
wˆi(t) = exp
(
− iit
~
)
exp
(
− i
~
(HˆE+ Vˆi)t
)
. (3)
Note, that we could achieve this concise form
only because the free qubit Hamiltonian com-
mutes with all other Hamiltonian terms.
1.1 Criterion of qubit-environment entangle-
ment
It has been shown in Ref. [24], that the QE sys-
tem initially in a product state and undergoing
evolution for time τ governed by (2) is separable,
iff [
wˆ†0(τ)wˆ1(τ), Rˆ(0)
]
= 0. (4)
Here Rˆ(0) denotes an arbitrary initial state of the
environment. The qubits initial state has to be
pure and a superposition of both pointer states.
If we introduce the following notation
Rˆij(τ) = wˆi(τ)Rˆ(0)wˆ†j(τ), (5)
with i, j = 0, 1, we can reformulate the QEE cri-
terion of Eq. (4) to say that the QE state is en-
tangled at time τ iff
Rˆ00(τ) = Rˆ11(τ). (6)
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2 The scheme
The proposed scheme for detection of QEE relies
on the fact that the state of the environment in-
fluences the state of the qubit and similarly the
state of the qubit influences the state of the envi-
ronment throughout their joint evolution. Hence,
even though the presence of QEE leaves a de-
tectable mark only on the state of the environ-
ment during a simple joint evolution, it is possible
to measure this effect when only the qubit is ac-
cessible. A fully indirect scheme for the detection
of QEE has been recently proposed in Ref. [41],
where in fact the possibility of a given QE system
to become entangled was tested, rather than the
entanglement present in the system during the
potential experiment.
Here we show a method which allows to test
the presence of entanglement at a given time τ by
further processing and measuring the state of the
qubit and later comparing the post-τ evolution
of the qubit with results obtained in a test run of
the same initial qubit and environment state.
2.1 Evolution of the system with intermediate
measurement at time τ
Let us assume that the initial state of the qubit
is an equal superposition state, |+〉 = (|0〉 +
|1〉)/√2, so that the QE initial state is given by
σˆ(0) = |+〉〈+| ⊗ Rˆ(0). In the first part of the
scheme, we allow the two subsystems to undergo
simple joint evolution as governed by the Hamil-
tonian (1) until time τ ,
σˆ(τ) = Uˆ(τ)σˆ(0)Uˆ †(τ) = 12
[
Rˆ00(τ) Rˆ01(τ)
Rˆ10(τ) Rˆ11(τ)
]
.
(7)
Time τ is singled out as the time at which we
are testing QEE. In other words, a positive result
of the proposed scheme would certify that there
is entanglement in state (7). Incidentally, it is
rather straightforward to generalize the proposed
scheme to any initial qubit state, but if QEE is
generated for state |+〉 then it would also be gen-
erated for any superposition of pointer states [24],
|ψ〉 = a|0〉+ b|1〉, with a, b 6= 0, so there is hardly
any point.
The first step towards determining QEE in
state (7) is to measure the qubit in the {|+〉, |−〉}
basis, where the |+〉 state is the initial state of the
qubit and the |−〉 state is orthogonal to it. A pro-
jective measurement in the qubit subspace yields
the states |±〉 with probabilities
p±(τ) =
1
4 Tr(Rˆ00(τ)±Rˆ01(τ)±Rˆ10(τ) + Rˆ11(τ)).
(8)
Although indirectly, the measurement also influ-
ences the environment while it leads to the recur-
rence of a product QE state, with new environ-
mental states depending on the outcome of the
measurement,
Rˆ±(τ) =
Rˆ00(τ)±Rˆ01(τ)±Rˆ10(τ) + Rˆ11(τ)
4p±(τ)
.
(9)
Using Rˆ±(τ) we can write the post-measurement
QE states at time τ as σˆ±(τ) = |±〉〈±| ⊗ Rˆ±(τ).
Since the Hamiltonian remains unchanged it is
straightforward to find the evolution which oc-
curs after additional time t post measurement has
passed,
σˆ±(τ + t) (10)
= 12
[
wˆ0(t)Rˆ±(τ)wˆ†0(t) ±wˆ0(t)Rˆ±(τ)wˆ†1(t)
±wˆ1(t)Rˆ±(τ)wˆ†0(t) wˆ1(t)Rˆ±(τ)wˆ†1(t)
]
.
The quantity, which will later allow us to dis-
tinguish whether the pre-measurement state at
time τ (7) is entangled or separable is the evo-
lution of the qubit coherence. To this end, we
find the post-measurement evolution of the qubit
by tracing out environmental degrees of freedom
(the evolution of the qubit is of pure-dephasing
type, so only off-diagonal elements of the qubit
density matrix evolve) and the coherence is given
by
ρ01± (τ + t) = ±
1
2Tr
(
wˆ0(t)Rˆ±(τ)wˆ†1(t)
)
. (11)
The last step involves averaging the qubit co-
herence over the measurement outcomes, so the
quantity of interest which, as it will turn out, con-
tains information allowing to determine entangle-
ment, is given by
ρ01av(τ + t) = p+(τ)ρ01+ (τ + t)− p−(τ)ρ01− (τ + t).
(12)
During the averaging, the minus sign stemming
from the coherence of the initial qubit state |−〉 is
compensated for (hence the difference and not the
sum in the second term of Eq. (12)). Experimen-
tally this means that the same procedure, involv-
ing preparation of the initial qubit equal superpo-
sition state, allowing it to evolve for time τ , after
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which a measurement of the qubit is performed
in the {|±〉} basis, and the following measure-
ment of the evolution of qubit coherence, needs
to be repeated a sufficient number of times, and
the results have to be averaged regardless of the
measurement outcome. Inserting explicit formu-
las for the probabilities of each measurement out-
come (8) and the corresponding coherences (11)
into Eq. (12), we get a much simpler formula than
the one for the coherences alone,
ρ01av(τ+t) =
1
4Tr
[
wˆ0(t)
(
Rˆ00(τ) + Rˆ11(τ)
)
wˆ†1(t)
]
.
(13)
2.2 Evolution of the comparative system
To determine if there is entanglement in state
(7), the quantity (13) needs to be compared to
the outcome of a second procedure. We will later
show, that in the most common scenario, this sec-
ond procedure reduces to a straightforward mea-
surement of coherence with no additional prepa-
ration.
Contrary to the first part, the qubit is initial-
ized in state |0〉 with the environment in the same
state as before, σˆ0(0) = |0〉〈0| ⊗ Rˆ(0). As previ-
ously, we allow the QE system to evolve jointly
for time τ , which leads to no change in the qubit
state, but does lead to an evolution in the sub-
space of the environment, σˆ0(τ) = |0〉〈0|⊗Rˆ00(τ),
where Rˆ00(τ) is given by Eq. (5). At time τ in-
stead of conducting a measurement, the super-
position |+〉 is excited in the qubit subspace.
The later QE evolution as a function of time t
(time elapsed after the excitation) differs from
the undisturbed QE evolution only by the ini-
tial state of the environment. Here, the quantity
of interest is again the coherence of the qubit as
a function of time t which is obtained after trac-
ing out the degrees of freedom of the environment
and is given by
ρ010 (τ + t) =
1
2Tr(wˆ0(t)Rˆ00wˆ
†
1(t)). (14)
2.3 The quantity of interest
To detect QEE, we need to study the differ-
ence between the average qubit coherence ob-
tained from the procedure involving an interme-
diate measurement (13) and the coherence of the
comparative system (14),
∆ρ01(τ + t) = ρ01av(τ + t)− ρ010 (τ + t) (15)
= 14Tr
[
wˆ0(t)
(
Rˆ11(τ)− Rˆ00(τ)
)
wˆ†1(t)
]
.
Obviously it can be nonzero only if Rˆ11(τ) 6=
Rˆ00(τ), hence the quantity can be nonzero only
if there is entanglement in state (7), and it is
therefore an entanglement witness. In fact, if the
difference of coherences (15) is nonzero at any
time t then there must have been QEE in the
pre-measurement state at time τ .
Otherwise, either the QE state (7) was sep-
arable and Rˆ11(τ) = Rˆ00(τ) or the condi-
tional environmental evolution operators (3) com-
mute with one another. In case of commu-
tation (the condition of their commutation is[
HˆE + Vˆ0, HˆE + Vˆ1
]
= 0) we have
Tr
[
wˆ0(t)Rˆii(τ)wˆ†1(t)
]
= Tr
[
wˆ0(t)Rˆ(0)wˆ†1(t)
]
(16)
for i = 0, 1 and this type of entanglement cannot
be detected using the scheme under study. In
fact, the class of entangled states which will not
be detected by this scheme are exactly the same
as the class not detected by the scheme described
in Ref. [41]. For details on why schemes for de-
tecting QEE where operations and measurements
are restricted to the qubit subspace will not be
able to detect entanglement generated by condi-
tional evolution operators which commute see the
Appendix. The protocol is illustrated in Fig. 1.
|+〉 τ
|−〉 t
|+〉 τ
|+〉 t
Comparative system
|0〉 τ (pi2 ) |+〉 t
Figure 1: Graphical representation of the general proto-
col for QEE detection with intermediate measurement
at time τ .
2.4 Asymmetric interaction
The true advantage of the scheme described here
lies in the situation when the interaction between
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the qubit and its environment is asymmetric,
Vˆ0 = I, and the single nontrivial interaction term
does not commute with the free Hamiltonian of
the environment,
[
HˆE , Vˆ1
]
6= 0 (the latter condi-
tion is necessary so that the conditional evolution
operators acting on the environment do not com-
mute). This situation is reasonably common for
solid state qubits, for which pure-dephasing evo-
lutions are the most common source of decoher-
ence, since it means that one of the qubit states
does not interact with the environment. This is
the case for e. g. excitonic charge qubits inter-
acting with phonons, in which case the |0〉 state
consists of no exciton [45–48].
If additionally the initial state of the environ-
ment is some function of the free Hamiltonian
HˆE , then the whole second part of the protocol
is superfluous, and a comparison of the results of
the first part of the procedure with a straightfor-
ward measurement of the evolution of coherence
of an initial |+〉 qubit state as a function of time
t is enough to determine if the state (7) is entan-
gled. This is because within the specified con-
straints
[
wˆ0(τ), Rˆ(0)
]
= 0, since wˆ0(τ) and Rˆ(0)
are functions of the same part of the Hamiltonian,
namely HˆE . This means that Rˆ00(τ) = Rˆ(0) and
no extra preparation time in the comparative evo-
lution is necessary.
The situation when the initial state of the en-
vironment is a function of the free Hamiltonian of
the environment is the most common of all exper-
imentally encountered situations, since any envi-
ronment at thermal equilibrium falls into this cat-
egory. The only situations when this does not ap-
ply, are when the environment has been specially
prepared by prior schemes, such as dynamical po-
larization [49–55]. Hence, for a qubit for which
one of the pointer states is neutral with respect
to the environment, and an environment initially
at thermal equilibrium, the scheme for entangle-
ment detection significantly simplifies. In fact, it
is enough to compare results of the evolution of
decoherence post an intermediate measurement
in the equal superposition basis averaged over
the possible measurement outcomes (12) with the
plain evolution of decoherence, and the quantity
of interest (15) simplifies to
∆ρ01(τ + t) = ρ01av(τ + t)− ρ01(t), (17)
where ρ01(t) = 〈0|TrE σˆ(t)|1〉, and σˆ(t) is given
by Eq. (7) with argument t instead of τ . The
simplified protocol is illustrated in Fig. 2.
|+〉 τ
|−〉 t
|+〉 τ
|+〉 t
Comparative system
|+〉 t
Figure 2: Graphical representation of the simplified pro-
tocol for the system with asymmetric interaction.
3 Example: charge qubit and phonons
In the following, we will exemplify the validity
and huge sensitivity of the procedure on an exci-
tonic quantum dot qubit interacting with a bath
of bulk phonons, the evolution of which is known
to be entangling [10]. The setup and procedure
is exactly as in Ref. [21]. The qubit state |0〉 cor-
responds to an empty quantum dot, while qubit
state |1〉 is a ground state exciton confined in the
dot, so the interaction is naturally asymmetric
and the simplified procedure applies. The Hamil-
tonian of the system is given by
Hˆ = ε|1〉〈1|+
∑
k
~ωkbˆ†kbˆk+|1〉〈1|⊗
∑
k
(
f∗k bˆk + fkbˆ
†
k
)
,
(18)
where ε is the energy of the exciton, ~ωk are
phonon energies corresponding to phonon cre-
ation and annihilation operators for wavevector
k, bˆ†k and bˆk. fk in the interaction term de-
note the deformation potential coupling constants
[56, 57], which is the dominating interaction lead-
ing to exciton decoherence. They are given by
fk = (σe − σh)
√
~k
2%VNc
∫ ∞
−∞
d3rψ∗(r)e−ik·rψ(r).
(19)
Here % is the crystal density, VN is the normaliza-
tion volume of the phonon system, σe and σh are
deformation potential constants for electrons and
holes, and ψ(r) are excitonic wave functions.
The Hamiltonian can be diagonalized exactly
by means of the Weyl operator method [56,
58]. The exciton-phonon interaction term in the
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Hamiltonian is linear in phonon operators and de-
scribes a shift of the lattice equilibrium induced
by the presence of a charge distribution in the dot.
The stationary state of the system corresponds to
the exciton being surrounded by a coherent cloud
of phonons (representing the lattice distortion to
the new equilibrium). The transformation that
creates the coherent cloud is the shift
wˆbˆkwˆ
† = bˆk − fk~ωk , (20)
generated by the Weyl operator [48] given by
wˆ = exp
[∑
k
(
fk
~ωk
bˆ†k −
f∗k
~ωk
bˆk
)]
. (21)
A straightforward calculation shows that the
Hamiltonian is diagonalized by the unitary trans-
formation
W = |0〉〈0| ⊗ I+ |1〉〈1| ⊗ wˆ, (22)
where I is the identity operator and the ten-
sor product refers to the carrier subsystem (first
component) and its phonon environment (second
component).
This allows us to find the explicit form of con-
ditional evolution operators acting on the envi-
ronment, Eq. (3),
wˆ0(t) = e−
i
~
∑
k
~ωkbˆ†kbˆkt, (23)
wˆ1(t) = e−
i
~Etwˆ†wˆ0(t)wˆ. (24)
The diagonalization procedure induces a shift in
the energy of the exciton, which is now given by
E = ε−
∑
k
|fk|2
~ωk
. (25)
The explicit forms of the wˆi(t) operators and
the rules for multiplyingWeyl operators [48] allow
us to first find the conditional density matrices of
the environment Rii(τ) using Eq. (5) and then
the quantity of interest (17), which is given by
∆ρ01 (t) = 14e
− i~Ete
i
∑
k
∣∣∣ fk~ωk ∣∣∣2 sinωkt
× e−
∑
k
∣∣∣ fk~ωk ∣∣∣2(1−cosωkt)(2nk+1)
×
[
e
2i
∑
k
∣∣ fk
~ωk
∣∣2 sinωkτ − 1] . (26)
0
0.01
0.02
0 0.5 1 1.5 2 2.5 3
|∆ρ
01
|
τ [ps]
Figure 3: τ dependence of the measurable QEE witness
(17) for a quantum dot excitonic qubit interacting with
a phonon bath at t → ∞ for different temperatures:
T = 0 K - yellow solid line; T = 34 K - green dashed
line; T = 70 K - purple dashed-dotted line.
The two phase terms dependent on time t in the
first line of Eq. (26) are irrelevant and can be
easily eliminated by taking the absolute value.
The real term in the next line governs the degree
of decoherence and it guarantees, that no entan-
glement will be signified for infinite temperature,
when the initial density matrix of the environ-
ment is proportional to unity and pure dephas-
ing evolutions cannot lead to entanglement [24].
Note, that since the bath is super-Ohmic, we are
dealing with partial pure dephasing [45–48] and
for long times, the degree of coherence stabilizes
at a certain, non-zero value instead of tending to
zero. The most important term for the detec-
tion of entanglement is given in the second line of
Eq. (26). The τ dependent phase is the signature
of entanglement and it is similar in nature to the
phase reported in Ref. [59], which signified the
quantumness of the environment.
Fig. 3 shows the τ -dependence of the QEE wit-
ness given by the expression (17) in the limit
t → ∞ for material parameters characteristic
for small GaAs quantum dots and bulk phonon
modes [21, 32] for different temperatures. The
presented results were obtained by modeling sin-
gle particle (electron and hole, which form the
exciton) wave functions ψ(r) as Gaussians with
5 nm width in the xy plane and 1 nm along z.
The material parameters used are σe − σh = 9
eV, % = 5360 kg/m3, and c = 5100 m/s. The
shifted exciton energy is not needed (but would
have been of the order of 1 eV).
The effect is small as to be expected, since
the environment taken into account is very large,
which yields very small amounts of entanglement
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[10]. Note that contrary to the results in [21], the
effect is most pronounced when the intermediate
measurement at time τ occurs before equilibra-
tion (which for the studied system is after around
3 ps). The quantity (17) is proportional to how
different the conditional states of the environment
are from each other, so it is proportional to the
amount of QEE [29]. In fact, it is testimony to
the extreme sensitivity of the method that it is
visible at all.
4 Conclusion
We have proposed a scheme for the detection of
QEE at a certain time τ which requires the com-
parison of qubit evolution after a measurement
performed at said time τ with a second, sim-
ilarly simple procedure performed also only on
the qubit. The procedure is qualitatively differ-
ent from the one proposed before [41] in the fact,
that it detects entanglement actually present in
the system during its operation, when the re-
sults are compared to the ones obtained during
another measurement. The characteristic fea-
ture of the procedure is that it requires an in-
termediate projective measurement so that infor-
mation about the qubit state is transferred into
the environment. This process is sensitive to
qubit-environment entanglement, and the post-
measurement evolution is different when the pre-
measurement evolution was entangling.
The method is applicable to any qubit-
environment interaction which leads to qubit pure
dephasing, but is particularly useful, if the qubit-
environment interaction is asymmetric (so that
one of the qubit pointer states does not inter-
act with the environment) and the initial state of
the environment is at thermal equilibrium. Then
the procedure becomes particularly simple, and
the post-measurement evolution needs only to be
compared to the plain decoherence of the qubit.
This means that if the evolution of qubit coher-
ence post-measurement differs in any way from
the evolution which would be observed if a su-
perposition state was simply excited at the mea-
surement time, then there must have been entan-
glement between the qubit and the environment
pre-measurement at time τ .
The method is of both experimental and theo-
retical interest, as it requires the description only
of qubit evolution and does not require the knowl-
edge of the explicit state of the environment apart
from the initial state. As an example we have
studied the presence of entanglement between a
charge qubit confined in a quantum dot with an
environment of bulk phonons at finite tempera-
ture. The evolution is known to be entangling,
but very weakly so; nevertheless, we have ob-
served a distinct signature of qubit-environment
entanglement.
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A Commuting conditional evolution operators of the environment
In this section we consider, why QEE with commuting conditional evolution operators of the envi-
ronment is not likely to be distinguishable by operations and measurements on the qubit alone. The
conditional operators are given in the Results section by Eq. (3). The evolution is separable at time τ
iff the separability criterion (6) is fulfilled, which written explicitly with the help of the wˆ0(τ) operators
and the initial state of the environment, Rˆ(0), takes the form
wˆ0(τ)Rˆ(0)wˆ†0(τ) = wˆ1(τ)Rˆ(0)wˆ
†
1(τ); (27)
otherwise it is entangled [24]. We distinguish and study here a type of entangled evolution for which
the conditional evolution operators of the environment commute at any two times,[
wˆ0(t0), wˆ†1(t1)
]
= 0. (28)
Such commutation is a direct consequence of the commutation of the relevant parts of the Hamiltonian
which drive the evolution of the environment, if the qubit is respectively in state |0〉 or |1〉,[
HˆE + Vˆ0, HˆE + Vˆ1
]
= 0. (29)
In the following, we will call this type of entangling evolution “weak”.
All methods that we can envision which serve to distinguish entangling from non-entangling evo-
lutions are based (more or less directly) on the comparison of terms which are at most combinations
(probably linear superpositions) of terms of type
r(t) = Tr
[
wˆi1(t1) . . . wˆiN (tN )Rˆ(0)wˆ
†
jN
(tN ) . . . w†j1(t1)
]
. (30)
This is the case in the scheme proposed here as well as in the scheme of ref. [41].
If we choose two functions of the type given by Eq. (30) which differ only by n operators wˆi(t)
symmetrically on the left and right of Rˆ(0) which are closest to Rˆ(0), these two functions must yield
the same results, if the separability criterion (27) is fulfilled for all relevant times. But operators under
the trace can be cyclically permuted, so
r(t) = Tr
[
w†jN (tN ) . . . w
†
j1(t1)wi1(t1) . . . wiN (tN )Rˆ(0)
]
. (31)
If the weak entanglement criterion is fulfilled (28) then all of the operators corresponding to the same
time which fulfill ik = jk will cancel each other out, so the two functions (30) which are the same for
separable evolutions, will always be the same for weakly entangled ones as well.
On the other hand, the set of pairs of functions of type (30) which are the same for separable
evolutions is a subset of the set of pairs of such functions which fulfill the commutation criterion
(28). Hence, it should be fairly easy to devise a scenario which tests this commutation criterion,
e. g. the spin echo [60, 61] yields perfect results only if the conditional operators commute. This
together with a QEE witness testing the separability criterion (27) would enable to unambiguously
distinguish between separable evolutions for which the conditional operators do not commute and
strongly entangled evolutions. Yet the ambiguity is still left over in the set of evolutions for which
the operators do commute, and distinguishing between such entangling and non-entangling evolutions,
although possible on measurements on the environment, is most likely not possible by measurements
on the qubit.
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